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[Regge Iimit}

@ we want to examine how (massive or massless) 4-pt amplitudes behave
in the Regge limit

@ Regge limit for massless amplitudes: s> [¢

@ Regge limit for massive amplitudes: s> [t|,m7,m3

in the leading log approximation, relative size of |t| and m? is immaterial

G Caveat: s> m:,m5 > |t| is a different forward limit

@ Post Minkowskian (PM) expansion: G/r



[Comparison of PM to Numerical Relativity}

see also Radu Roiban’s talk

scattering angle from NR data vs. PM
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"It has been shown that the non-resummed PM-expanded scattering angles demonstrate
poor convergence towards NR.This motivates the exploration of resummation strategies...

... in particular we focus on the approach to the high-energy limit for equal-mass non-
spinning binaries, which proves to be challenging for all resummation schemes considered ...”

@ comparison worsens as we approach strong-field regime
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{Power scaling of PM expansion}

4-pt amplitude for the scattering of two massive scalars minimally coupled to gravity

| PM: A(O)(s, t) ~ GC(()S)F m1m2 f,(fs)p — Cq(fS)F<Sa t,my, ma)

2PM: AW (s, t) ~ Gf CéS)F mims (my + mo)

3PM: AP (s,1) = G | mim3(m? + m3)

CgS)F m1m2}

4PM: A(B)(Sat) ~ Gf {C(()S)F m1m2<m1 T m‘;’) | Cgs)F m1m2( mi + m2)}

SPM: A<4)(8, t) ~ GP {céS)F mlme(fmfll + m%) ciS)F mlmz(m% -+ m%) — C%S)F mlmQ}

OSF | SF 2SF

see also Radu Roiban’s talk



[ Self force }

@ Probe limit corresponds to Schwarzschild geometry:
static (infinitely heavy) black hole

@ in Self Force (SF) expansion,
one expands Einstein’s equation in powers of m/M

O SF = Probe limit = Schwarzschild
| SF: m/M
2 SF: (m/M)2

see Alexandre Le Tiec’s talk



[Probe Iimitj

(L+1)-PM, 0 SF: AlSh(s,t) =~ GEH m2mEiT2 42 (1 + 0(1/42))

D3

S— M1 — 1M

y:

2m1m2 b4

Brandhuber Chen Travaglini Wen 2108.04216 conjectured polynomial form, with unknown coefficients

Sasank Chava (2023, MSc thesis unpublished)

obtained polynomial coefficients leveraging geometric info Cheung Shah Solon 2010.08568
from geodesic eq. for test particle in a Schwarzschild background  Damour 1710.10599

16rGym2m3(2y? — 1)
probe — (_qg) ’

M)

Moo = 672GRmim3 (59> — 1) (—¢?) 272,
M. = _ 2rGmima(—q®) % (64y° — 120y* + 60y — 5)

probe — 3¢ (y2 _ 1)2 )
M _35W2Gj’°vm%mg(—q2)%_36 (33y* — 18y% +1)

probe 8 (y2 _ 1) )
At mGRmimi(—q?)'* (1792y' — 5760y° + 67204° — 3360y* + 630y” — 21)

probe — 4

40€e (y2 — 1)
Bern Parra-Martinez Roiban Ruf Shen Solon Zeng 2021
772G 3/2-5¢ (22195 — 195¢* + 39y — 1 , ,
M2 e = T Gymimi(=1) % (72 ( 13; Y Y ), Bjerrum-Bohr Planté Vanhove 202
y —

@ an analytic resummation of next-to-probe (| SF) terms is not yet known
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[Heavy effective field theoryj

Brandhuber Chen Travaglini Wen 2108.04216

2PM: AV (s,t) = GPmim3 (ma +ma) y* A+ O/YY) e,
SsS=-my=-m2 &% ¢  ¢&
4= 2m1m2 _____________
P1 H ps P1 I P4
(probe limit) i 2
3PM, OSF: P2 \%}I‘( b3 p2 H p3
A (5,1) = G*mim3 (m} +m3) > (1+ 0(1/y%) | o N ,/i\‘\ N
p2 —(H — pP3s P2 S —
3PM, ISF: (beyond the probe) o %\5\ ;H)'fr
p1 I H P4+ pP1— H I P4

ReA\X (s, 1) ~ GPm3m3 o*(1 4+ O(1/y))
Im A (5, 1) =~ G3mim3 y3(log(2y) + O(1/y))

radiation reaction needed
to cancel additional power of log(s/|t|)
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(radiation reaction)




3 PM: Bern Cheung Roiban Shen Solon Zeng 1901.04424 & 1908.01493
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H diagram
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Amati Ciafaloni Veneziano 1990
Regge limit s >> |t| massless

ImA® (s,t) ~ G3s3log(s/t) - (polesine)

1
ReA® (s,t) ~ o2 (5/0)

DiVecchia Heissenberg Russo Veneziano 2008.12743

massive

TmA® (s, t)




4 PM, O SF: AN (s,8) = Gim3m32 (m3 + m3) y* (1 + O(1/y?))

4 PM, | SF: A (s5,t) ~ G*mim3 (my + ma) y* £ok (m1, ma, y)

Bern Parra-Martinez Roiban Ruf Shen Solon Zeng 2101.07254 & 2112.10750
Dlapa Kalin Liu Neef Porto 2106.08276,2112.11296 & 2210.05541

5 PM, O SF: Agé)F(s, t) ~ G5m%m§ (miL + m;l) y2(1 + 0(1/y2))
5PM, I SF: ASGe(s,t) = GPmim3 (m? + m3) y” figh (ma, ma, y)

Driesse Jakobsen Klemm Mogull Nega Plefka Sauer Usovitsch 2403.07781 & 2411.11846
Dlapa Kalin Liu Porto 2506.20665

see Johann Usovitsch’s talk
through world-line formalism

Xfm/mﬁwmn» (1)t ()

5 PM, 2 SF: unknown yet
we have grounds to expect
Algr(s,1) = GPmim} y* (log* (2y) + O(1/y))
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© © © ©

Regge limit: large-y limit 4 —» —°

2m1 (%)

(n+1)PM OSF (probe limit) amplitudes go like G s* (m} + m3)

Gg 83 log(s) Amati Ciafaloni Veneziano 1990

3PM ISF amP“tUdeS g0 like DiVecchia Heissenberg Russo Veneziano 2008.12743

4PM |SF amplitudes go like 4
5PM |ISF amplitudes go like !

5PM 2SF amplitudes go like G® s log®(s)

Alessio VDD Gonzo Rosi Rothstein Saavedra 251 1.11457 massless
Alessio VDD Gonzo Rosi 26xx.yyyyy massive
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[Regge theory of QCD and Gravity}

Q@ In the Regge limit, radiative corrections to 2—2 massless amplitudes
display iterative patterns of the evolution in rapidity y = log(s/|t|), either if

the evolution occurs in the t channel or in the s channel

@ In the Regge limit of QCD, the leading radiative corrections are
associated to a gluon ladder exchanged in the t channel, -

D1 ko D4

Y

Y

the Reggeised or Glauber gluon. BFKL 1976-77
t channel two-gluon ladder and s channel terms are g

logarithmically suppressed

4 - §?‘ » 4
4 4
fANAANAANANAANAANAAAANANAANANAAN

Y ) 2 2 i
A ~ exp (fmTS + T log <—t>> o

<« —_—

b2 b3

Q@ In the Regge limit of gravity, the leading radiative corrections are
due to the eikonal phase terms (VWeinberg’s soft gravitons).
t channel one-graviton ladder is power suppressed in t/s
Bartels Lipatov Sabio-Vera 1208.3423

colour-kinematics duality Melville Naculich Schnitzer Whitel 306.6019

T s T? >t

Q@ s channel ladders win over t channel ladders
|



[Gravity massless scattering: Glauber EFTJ

@ Mimicking Glauber EFT of QCD  Rothstein Stewart 1601.04695
Mo_so = ZZ Jory ® S(M) X J_(M)
M

Rothstein Saavedra 2412.04428 showed that the exchange of a t-channel two-graviton ladder
is ruled by a rapidity RGE, whose anomalous dimension is Lipatov gravity (BFKL-like) kernel

with graviton trajectory and graviton central-emission vertex (CEV) Lipatov 1982
d y
v oB(N) = Ty @S — Sy @ ()
OO e

V() NZMG(Qi)h(M—l)Jr Z K% (gi,a539) T (-2

7 Pairs z,3

@ through f counting, easy to see that trajectory is quantum,
in fact the whole two-graviton ladder is quantum,
except for one graviton CEV emission: the H diagram

n s\"G ., . n
ImMé_le)(s,qz) ~ s°log (——t) 2 Gql(Gq,)
1
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[Gravity massless scattering: Glauber EFTJ

@ Rothstein Saavedra 2412.04428 showed that the exchange of a t-channel multi-graviton ladder

is ruled by a rapidity RGE, whose anomalous dimension is a convolution of gravity
BFKL-like kernels

-eafpaccnanne §ommnmnnn = eas §oomnmnnn R o---
L : : LA :

g:? . eee 'Qmmp,mm," coe
S A - T S -

@ through f counting, easy to see that the whole three-graviton ladder is quantum,
except for the convolution of two gravity BFKL-like kernels

In fact, a t-channel ladder with (n+2) gravitons in the s channel features a classical term
of (2n+3)-PM order, and provides a correction of O((G?2 s log(s/[t]))") to the H diagram

|3



[Gravity massless scattering: shock wavesj

Dray 't Hooft 1985 Alessio VDD Gonzo Rosi 26xx.yyyyy
early work by |0 e Rychkov 09093519

colliding particles, projectile (target) moving in the + (-) light-cone directions.
with a transverse position z offset, |¥;) ~ &;(2) |0)

X KX
are modelled by infinite light-like Wilson lines
~ K oo Zp
®;(2) = exp (zﬁ/ ds pi'p by (spi + z)) Z

Z;
because of motion in +/- directions, infinite Wilson lines yield rapidity divergences,
regulated by rapidity cutoff n.

Then states ® renormalised by evolution equation, driven by boost Hamiltonian

~—37 = Ho gravity analog of Balitsky-JIMWLK

parametrise Wilson line through Reggeised graviton expansion

oo

b0 =ew |5 SWE)] W= [ a0,

—0o0

B@o="  + 73 + 33 + 3 3J 3 +

Caron-Huot 1309.6521
Caron-Huot Gardi Vernazza 1309.6521
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[Gravity massless scattering: shock waves}

Q@ amplitude driven by rapidity evolution between projectile & target
iM5R5(s,6%) 89 (¢ — ¢') = 25 (T;(¢)| e H(Wi(g))
with boost Hamiltonian
(W\ (ﬁl_)le 0 \/W\
| ww 0 Hosy 0 ---|| WW
WWW 0 0 Hyy-||Wwww

A U Y AN

@ amplitude is s <> u crossing symmetric, thus off-diagonal H terms mixing even and odd
number of Reggeised gravitons are forbidden ff, ktont1 =0

+ Ok

©

off-diagonal terms Hy, r+2, = 0 are also forbidden because either quantum or sub-leading

* ﬁk,k = 7%1 +7A32

Ry = / d%q, oW (q) W(q) 5W('S @ dresses Reggeised graviton with Regge trajectory: quantum
Ry = fi® d, d%qi, d%qe) Hoo(¥; YW (q1+£)W (g2 —2) 0 0
2 7 1a°q11 @ g2 1122(%;41,42 q1 q2 SW (q1) SW (g2)

exchanges soft graviton between 2 Reggeised gravitons

Her(g, 1 +5q1 + ¢2) Hcr: Gravity (BFKL-like) kernel
2 2
91 % 15 Alessio VDD Gonzo Rosi 26xx.yyyyy

Ha2(¢; q1,q2) =



[Gravity scattering: s-channel unitarity cutsj

Revisiting the H diagram  Amati Ciafaloni Veneziano 1990

1 ko 4
in MRK, the light-cone dof’s decouple from < e >
the transverse dof’s l l
Q Ky g3
87TGN 383 —
2Mm M (s, ¢?) = ¢ Sﬁ) log(s)H1(q?), y l P

KSR (g1, g2; |
Hl(qi) g2e/ ((h q2 CI)
q

s C1a2 (g q1)% (g —q2)%

¢ = M2 exp(ye). Gravity (BFKL-like) kernel

2 2 2 2 12
95,93, +q7,4;
’CGR(ql,qz;qs,q4)=[(q1L+Q3L)'(q2L+Q4L)— 2 l]
1

2

4 2 2 2 2 2 2 2 2 2
+ o7 [Q1LCI2J]3LQ4L —q3,95, (@1, "q2,)" —q1,95, (g3, - q4,)
4

graviton CEV is double copy of gluon CEV Lipatov 1982

. 4 2 2€ 1 2
in momentum space  2Im M{? (s, ¢*) = 8G3,s° log(s) ( 7”; ) (— i S 0(60))
q N

Fourier transforming to impact parameter space
~ 1 . o
Mo _o(s,b) ~ — /ddqleZb L Masa(s, —qi) = F.T.[Ma_2](s,b)

28

- 8G3,8” 3¢ 1 0
2Im Mgz_))z(s, b?) = 7TJbV2 log(s) (wb*se”) (— - +2+ O(e ))

6



'Gravity scattering: H2 diagram |

Amati Ciafaloni Veneziano 0712.1209 A

@ early work by 1o Colferai Coradeschi Veneziano 1512.0028| J W

& through iterated s-channel 3-particle cuts ll—qllg :‘hl;

=
il

8GN )°s? 4
2Re Mggﬂ(sa q2) == ( N; logz(S)H2((ﬁ_) lh— g2 l g g
64 q3l ;

|
| |

with H; the convolution of two gravity kernels

the result is reduced to bubbles and a kite integral

in momentum space

2 (4mp®\*[ 1 1 9 2 2
2ReMgiz(s,q2) ~ —4Gs? logz(s)% ( qg ) [—6—3 2Tt ECz + €C3 + 0(1)]

i.e.an O(G> s* log?(s/|t|)) term

in impact parameter space

- 3log*(s) se[ 1 1 5 5 1
9Re MY (s5,b2) ~ —256 G, > bce) ™| 242 2, 2
252 ( ) N (7Tb2)2 (7‘- ) 32 ¢ + 2 + 16C2 4C3 + O(e)

Alessio VDD Gonzo Rosi Rothstein Saavedra 251 1.11457

|7



‘Discussion |

in Regge theory, 2—2 amplitudes are given by a t channel ladder
convoluted with impact factors

Mo o = ZZ J(M) 03¢ S(M) X j(M)
M

for a t channel ladder at leading logarithmic accuracy,
we need impact factors at leading order (LO)

the LO impact factors for a massless graviton and a for a massive scalar
differ only by a phase

since the t channel ladder is universal and the LO impact factors

for a massless scalar/graviton and a for a massive scalar are the same
up to a phase, due to the spin and not to the mass, this implies

that the scattering of massive scalars and the scattering of gravitons
or massless scalars share the same leading logarithms!

... which then implies that in the scattering of massive scalars
we have determined the leading logarithmic contribution to
the 5PM-2SF amP“tUde Alessio VDD Gonzo Rosi 26xx.yyyyy
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[Going to next-to-leading Iog]

anatomy of gravity amplitudes in the Regge limit
2 3

Q@ leading log mm?w
(Il¢ \QQéQ/ l —(I1l

one-graviton CEV <:‘12¢ > zl—qzl
Lipatov 1982 Byg O

1 6

llz —q2

ll2 —qs3

Q@ next-to-leading log

two-graviton CEV >

Barcaro VDD 2506.11822

I 6

Cachazo Svrcek 2005

requires NMHYV graviton amplitudes  -* dges 1108.2227

we broke ground... but more work is required for a next-to-leading log ladder

19



Conclusions

Using an EFT of gravity scattering of massless particles in the Regge limit,
Rothstein & Saavedra showed that, at leading logarithmic accuracy,

2—72 amplitudes exhibit an s-channel sequence of classical terms,

which generalise the H diagram through corrections of O((G2 s log(s/|t|))")

Each of those terms, of (2n+3)-PM order, is the sole classical term
of a tower of (quantum) terms associated to the exchange of
(n+2) Glauber (Reggeised) gravitons

In gravity scattering of massless particles, the same s-channel sequence
may be obtained through a gravity version of the shock-wave formalism,
which is equivalent to Rothstein-Saavedra’s EFT, and through iterated

s-channel unitarity cuts Alessio VDD Gonzo Rosi 26xx.yyyyy

The unitarity-cut formalism may be extended to the scattering of massive
particles, and yields, at leading logarithmic accuracy, the same s-channel
sequence of classical terms, which are of (2n+3)-PM and (n+1)-SF order,
i.e. maximal SF within a given PM

20



@ Using Rothstein-Saavedra’s EFT, the shock-wave formalism,
and iterated s-channel unitarity cuts, we computed the H? diagram,
which is an O(G- s* log(s/|t|)?) term,i.e.a 5 PM term,

and represents the first correction to the H diagram
Alessio VDD Gonzo Rosi Rothstein Saavedra 251 1.11457

@ Through the unitarity-cut formalism, that computation is extended
to the scattering of massive scalars, and yields the 5 PM, 2 SF term
at leading logarithmic accuracy

so the take away is...

@ For gravity scattering of massless particles in the Regge limit,
we have 3 different but equivalent solutions:
- Rothstein-Saavedra’s EFT
- shock-wave formalism
- iterated s-channel unitarity cuts

@ at leading logarithmic accuracy, unitarity-cut outcome can be ported
to the scattering of massive particles for free
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