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PACS numbers:

I. INTRODUCTION

The observation of the rise of the total proton-proton
cross-section at the Intersecting Storage Rings (ISR)
accelerator! was one of the earliest signals of non scal-
ing phenomena in hadronic physics, as surprises arrived
when the increasing proton c.m. energy passed the
threshold between quark confinement and asymptotic
freedom. The rise had been anticipated by cosmic ray
observations?, and was among other unexpected results,
such as the excess in multi hadron production in electron-
positron collisions, first observed at ADONE, when it
started its operation in 1969 with /s ~ 1.6 — 2 GeV=.
The observation was soon confirmed at the Cambridge
Electron Accelerator and later at SPEAR, showing that
a threshold had been passed as it became quantitatively
evident a few years later, in November 1974, with the
discovery of a new particle, later called the J/W¥-meson.
It was a bound state of a new quark, the charm, a very
narrow resonance with 3.1 GeV mass*% an energy at
which the strong coupling constant can be expected to
be small enough to allow a perturbative behaviour™.

Similarly, in hadron interactions, the observation of the
rise of the total p — p cross-section can be expected when
the c.m. energy for parton-parton collisions is around 2-
3 GeV, which would correspond to EP? ~ 20 GeV, in a
simple model where each quark in the proton carries 1/6
of the energy®. Indeed, a rising behaviour, which one can
attribute to semi-hard collisions, had been reported to
appear in cosmic rays experiments in 19722 and was con-
firmed when the ISR started taking data for the total
and elastic cross-sections. Further experimental studies
of the elastic differential cross-section gave evidence for
structure in pp collisions. As to the detailed mechanism
for the rise of oyytq;, we have long advocated for the rise

being a collective effect of mini-jet production, accompa-
nied by soft gluon resummation. Namely, the rise is due
to the appearance of interacting quarks and gluons and it
is modulated by the unavoidable soft gluon emission.The
problem of such model to be quantitative is the still not
understood behaviour of the strong interaction coupling
for very small momentum, near zero, soft gluons.

In previous publications'?, we have been able to de-
scribe the energy dependence of the total pp/p cross-
section™ through currently available LO PDF for parton
parton collisions, and an infrared safe resummation pro-
cedure with a singular but integrable coupling constant
as (k) such that

127 k2
IR — t \—p 1 1
o) = g () el ()
127 k2
AF _ t
Qg (kt) - 11Nc _ 2Nf log[Ag] (2)

where Eq. [I| ensures infrared integrability for the resum-
mation procedure, and Eq.[2|appropriately describes per-
turbative behaviour for the mini-jet collisions. In our

published phenomenology'¥12 we used an interpolating
expression
127 p
ol (ki) = (3)

" 1IN, — 2Ny log[1 + p(%t)?7]

We called BN model our proposal for the rising to-
tal pp cross-section, from the Bloch and Nordsieck
theorem, which inspired Touschek’s soft photon resum-
mation proceduré™®, which we have extended to treat
soft gluon emission during the semi-hard collision. Such
a model was based on eikonal resummation of QCD
mini-jets!®, with an impact parameter distribution in-
spired by our previous work on soft gluon effects in
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FIG. 1: Total, elastic and inelastic cross-section in the BN
model (blue band), and an empirical model (dots}*®. The
yellow band is the diffractive contribution from data.
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FIG. 2: TOTEM 13 TeV data and the BN model with an
exponential cut-off, plot courtesy from A. Grau.

hadronic collisions!®. The BN model reproduced total
cross-section data up to LHC energies and available cos-
mic ray data within reported errors, but unlike other
models™ could not reproduce the elastic or quasi-elastic
process, and underestimated the total inelastic cross-
section, as shown in Figs (I*¥. This difficulty could
be due to our model, based so far on a single channel
component. Presently, we refrain from going beyond the
one channel’?, as this would introduces extra parame-
ters. As for the differential cross-section, the BN model
did not show a dip structure (only bumps and zeroes)2"
nor an exponential behaviour for —¢? ~ 0, as observed
in the forward peak?l. Such behaviour can be obtained
in Regge-type models but did not naturally arise in our
BN model.

To test the forward region, an empirical cut-off bmax
can be introduced to multiply the differential cross-
section from our model at /s = 13 TeV, obtaining a
good description of data?? up to the bump, as shown in
Fig. 2

In order to understand the origin of a cut-off in
QCD in the context of our model, we now turn to ad-

dress the question of zero momentum modes in gauge
theories??. After summarizing both the Touschek resum-
mation method in QED and its extension to deal with
zero momentum modes, we will propose an ansatz for
the origin of the forward peak, based on a revisitation of
the Touschek’s procedure. The ansatz we present has a
correspondance with Color Condensate Models, but dif-
fers in that we derive its origin from the zero mode in
soft emission processes resummed through the Touschek
method?424,

In Sect. [[T] we recollect the results from previous work
about the zero momentum mode in Abelian gauge the-
ories. We then extend the discussion to the transverse
momentum distribution in QCD and show how hadronic
processes could exhibit a forward peak in the elastic dif-
ferential cross-section, arising from the zero momentum
mode. We shall then have a discussion about the pro-
posed expression for the interpolating a, Sect. [[V] leav-
ing the relevant phenomenology to a further publication.
The article will close with some considerations about the
strong coupling constant in its two asymptotic limits.

II. ZERO MOMENTUM MODE IN ABELIAN
GAUGE THEORIES

Our argument would follow two papers*2% about the
connection between boundary conditions in gauge theo-
ries and its implications following the possible existence
of zero momentum modes. The question had been posed
whether unexpected physical effects can rise in the tran-
sition from a sum over discrete modes to continuum
distributions®3. Using the Fourier expansion of the gauge
fields, it was argued that the gauge field should vanish
at the boundaries of the QED quantization box, whereas
the question arises whether periodic boundary conditions
in QCD might give observable effects. The problem
was rediscussed?®, using Bruno Touschek resummation
formalism'*, EPT for short, based on a semi-classical
approach to calculate the probability distribution of soft
photons, emitted in charged particles collisions.

A. Touschek’s formalism for QED

Touschek’s objective was to calculate the probability of
unobserved soft photon emission up to an experimental
resolution Aw < F, the scale of the process and obtain
the correction factor to the measured electron-positron
cross-section. Touschek started with the Bloch and Nord-
sieck result about soft photon emission from a classical
source’®. Bloch and Nordsieck had shown that the dis-
tribution in the number of photons was given by a Pois-
son distribution, hence the probability of emission of soft
photons with different values for the momentum k would
be given by the product of their Poisson distributions,



namely

— Nk

P({me}) = iy exp[-iug ()

with ny the number of photons emitted with momentum
k around their average value ny. We notice that Eq.
describes a discrete momentum spectrum of the emitted
photons, corresponding to quantization of the electro-
magnetic field in a finite box. In the following, we shall
first assume that a smooth continuum limit exists. As
we go through Touschek’s argument, we shall also point
out possible subtleties with the continuum limit.
The next four steps taken by Touschek are:

1. sum over all values of number of soft photons of
momentum k, namely

> P({mdd) (®)

2. the probability of having a 4 -momentum loss be-
tween K, and K, +d*K due to all possible number
of emitted photons ny and all possible single pho-
ton momentum k, is obtained by imposing overall
energy momentum conservation, through the func-
tion 0*(K,, — Y, nkk,) expressed in its Fourier
trasform

(K=Y miky) = ooy
k

3. one can then exchange the product of the infinite
number of Poisson distributions, Eq. (| . with the

sum in Eq. ( .

4. and take the continuum limit, unless there are spe-
cial boundary conditions, as discussed in the next
section.

/ d4xe—i(Ku—Zk nik,)-x (6)

In the following we shall refer to this work as EPT paper.
Explicitly7 the above steps are implemented as

Z P({mc})d* Koy (K Z kni) =

Z Hk Z ki) (7)

Touschek proceeds to steps 2 & 3 by using the integral
representation of the delta-function to exchange the sum
with the product obtaining

d*P d K /d4ase iK 'f”ea:p{—Zﬁk[l — ko))
K
(8)

‘"kd4K64

Going to the continuum, brings
[1 -]}

) = ((;4;)(4 /d4xe_iK'”exp{—/d3fzk
(9)

In this formulation, an important property of the in-
tegrand in Egs. and (9) is that by its definition
d*P(K) # 0 only for Ky = w > 0, since for each sin-
gle photon kg >0 .

d*P(K

B. The continuum limit and the closed form
expression for the energy distribution

If one takes the continuum limit, integrating over the
three momentum K leads to the probability of finding an
energy loss in the interval dw as

dw

+oo
dP(w) = %/_ dt expliw t —h(t)] =

dﬁ
2T

oo ¢ dk
dt expliw t — ﬁ(aem;p?)/ Y(l —

o

e )[10)

where one has used the property of separation between
the angular and the momentum integration over the
photon momenta, already exploited by Weinberg?, and
known to previous authors as well. The separation de-
fines B(aem;pt') = B as a function of the incoming and
outgoing particle momenta (p!'), i.e.

i= g [ I,

where p; and é are the 4-momenta and polarization of the
incoming and outgoing particles, ¢, = £1, for incoming
particles or antiparticles; €, an energy scale valid for sin-
gle soft photon emission, to be determined to the order
of precision in the perturbation treatment of the process
under examination. The function S was shown to be a
relativistic invariant™® and its expression in terms of the
Mandelstam variables s, ¢, u of two charged particle scat-
tering can be written ab%

2
r—— )\ (11)

2

B:B(s,t,u)22%[—[12-#[13-#1—14—2] (12)

where

IZ] 2(pl pj)/o 2y(1*y)[(191p])

with the high energy limit s, v — oo, —t — 0, 8 —
—t/m., which follows from the existence of the constant
term in Eq. .

Following the steps taken from Eq. [11] through
Eq. [17] of the EPT paper¥, the analyticity proper-
ties of h(t) in the lower half of the ¢-plane resulting from
the constraint that w > 0, lead to

—m2] + m? (13)

dw w)ﬁ

N(B)dP(w) = b—(% forw<E (14

with the normalization factor given by

JoS dP(w) _

PP AT(1+p) (15)
0

N(B) =

which one obtains following the procedure outlined in
Appendix IIT of the paper.



C. The zero momentum mode

In this section we return to Eq. and discuss the
separation of the zero momentum mode from the con-
tinuum, in Abelian gauge theories for different boundary
condltlons24

Up to Eq. (8)), the method developed to obtain the
energy-momentum distribution K, is a classical statisti-
cal mechanics exercise. Going further requires an expres-
sion for the average number of photons of momentum k
and the choice of the boundary conditions imposed upon
the field. Before taking the continuum limit, it is wise to
separate the zero mode from the others. Let the quanti-
zation volume be V = L3, and introduce pu, a fictitious
photon mass. We must eventually take the limit L — oo
and u — 0. Separating the zero momentum mode of
energy wy from all the other modes, we write

h(t) = no[l — et + h(t) = noll —
+8 /

with the photon mass now safely taken to be zero in the
integral defining h(t). For the zero mode, the y — 0 limit
is more delicate. One has

e zwot] +

7ikt}_

3

(16)

ng[l — e~ ™0 ~ ingwot — inout = iWot (17)

We see that the zero momentum mode can introduce a
new energy scale Wy, namely

Z il” =

with the finite dimensionless function F(E,m) =
| >, €vi|?/2 depending on mass and energy of the emit-
ting particles.

The overall energy distribution can now be written

dP(w) = g—:/ dt eiw=Wo)t=h(t) (19)

47re ,u

Wo=—55 (W F(E,m)  (18)

The question is how to take the continuum limit, L — oo
and p — 0 and, accordingly whether the energy Wy can
be finite. Various cases can be considered, in correspon-
dence with different boundary conditions, as will be dis-
cussed in a separate publication. Here we only note that
if the limit to be taken is limz_ o040 L33 = finite,
then Wy = 0 in QED but Wy # 0 can happen if
€2y — finite in this limit. In such case the energy
distribution would receive an extra contribution to the
usual QED expression. Following the same derivation as

4 _ based on the analyticity properties of the energy
distribution for extracting dP(w) for w < E, one obtains

Yy d 1— % 20
(5)7 (5 (1- =) (20)
It should be noticed that the extra factor (1 — Y2)8 is

regulated by the continuum contribution through the 8
exponent.

III. HOW ABOUT QCD?

The interest in the separation between the zero mo-
mentum from the continuum arises in QCD, in particu-
lar for the case of the transverse momentum distribution
of the emitted radiation. Integrating the four momen-
tum distribution over the energy and the longitudinal
momentum variable, one can write the overall d2P(K )
distribution®® as follows:

dQP(KJ_) = B —iK | -b—Y, fuc[1—e'ktP] (21)

where ny is the average number of soft gluons emitted
with momentum k. Taking a straightforward continuum
limit, this expression leads to the expression for soft gluon
transverse momentum distribution

1

d’P(K,) = e

/d2bete—iKL~b—h(b) (22)

ekeP] (23)

gmaz
h(b) = / d’k; ask(ft) In(2gmazx/k;)[1 —
¢

with ¢gmax an upper limit of integration which depends
on the process under consideration. The still unknown
infrared behaviour of o led the lower limit of integration
to be a scale A # 04029 introducing an intrinsic trans-
verse momentum for phenomenological applications. In
our phenomenology of hadronic cross-sections, we have
chosen it to be zero, introducing a singular but integrable
behaviour for a; in the infrared region as highlighted in
the Introduction, through Eq. (3)). More about this issue
will be discussed later in Sect. [[V]

However, just as in the case of the energy distribu-
tion that we have previously discussed, care is needed in
taking the continuum limit, and one must first separate
out the zero momentum mode, with the result that the
distribution now takes the form

1 )
dQP(KJ_) = ) /d2b6_lKi‘b_l’2b2_hcontinuum(b)

(2m)2
(24)
with

qgmazx )
hcontinuum(b) = / dsﬁk[l - 6Zkt.b] (25)
0

given in Eq. In Eq. 24) we argue that a cut off in
impact space is developed through the zero momentum
mode ng[1 — e*'P] ~ ng[—ik, - b+ nou?b? + ...] ~ 122,
as the first term in the square bracket is killed by the
integration over all directions, and only the second term
remains. The coefficient 2 = u?ngy would be calculated
by taking the zero mode limit of ny and is the analogue
of the parameter W, discussed in the previous section for
the energy distribution in an Abelian theory.



We see that the Touschek resummation procedure,
that began with statistical mechanics manipulations, can
be applied to go beyond the derivation of the well known
exponentiation of infrared corrections. In this section, we
have used it to explore the possibility of the appearance of
a cut-off in impact parameter space arising from the zero
momentum mode in QCD. Whether such a term survives
and manifests itself as the origin of the forward slope of
the elastic differential p—p/p cross-ssection would depend
upon whether the cut-off v # 0 in the zero momentum
limit.

Thus the question is not only to perform the integral
for the continuum in Eq. in the unknown infrared
region, but also to examine possible limits of the cut-off
scale v in a theory such as QCD, and even more so at
zero momentum. These could be two different regimes,
and need not require the same treatment.

In previous publications we have in fact proposed to
evaluate 7y using a singular but integral expression for
the strong coupling constant and we shall discuss it in
Sect. [[V] which we now turn to.

IV. MODELLING THE STRONG COUPLING
CONSTANT IN SOFT GLUON RESUMMATION

A. Models for o in the continuum

The ansatz in Eq. , on which we relied for our
previous phenomenology for the hadronic cross-section,
is however unsatisfactory, as it introduced a parameter
1/2 < p < 1. Such parameter was physically justified?,
as being related to a confining potential V(r) ~ r?~1
but was otherwise an unknown number. To eliminate
such an extra parameter, while, at the same time inter-
polating between the infrared and the asymptotically free
regime, as requested in our BN model, we propose the
following expression for the coupling :

1 , _ L= 2Ny /N,
2 )bo] 0~ 4r

In[1+ (%

a2 (Q?) = (26)
namely we identify the unknown parameter p with b,
thus simplifying the expression of Eq. , with a Q? de-
pendence determined through the anomalous dimensions.
A plot of the Q2 behaviour of this function is shown in
Fig. @18. The plot is obtained for the case of 3 flavours
and A =100 MeV, a somewhat low value as compared
with other current determinations. In our previous phe-
nomenology, such a value was the one appropriate for a
good description of the total cross-section through QCD
mini-jets and infrared soft gluon corrections, using Eq.
With such value of the A parameter and Ny = 5, we
find afC(Mz) = 0.112, in good agreement with present
determinations®!, The figure shows that our proposal for
a singular but integrable a detaches from the asymptotic
freedom curve when o, =~ 0.7 — 0.8. Comparison of the
above expression with data from Jade, LEPII and LHC32
is seen in Fig. [
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FIG. 3: The expression for a;s as proposed in Eq. 26 is com-
pared to the asymptotic freedom expression, for the case
Ny =3 and A =100 MeV.
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FIG. 4: The expression for s as proposed in Eq. is com-
pared with experimental data (green stars)*2. The red dashes
correspond to A = 100 MeV and values of Ny depending on
the opening of the energy threshold, the green dots are for
Ny = 5. The gap corresponds to the threshold Ny =4 — 5.

B. Limiting behaviour of o,

As discussed in Sec, the simplest & most econom-
ical hypothesis for a confining as(Q?) in consonance at
the same time with asymptotic freedom (AF) [at leading
order] is given by

1

as(Q?) = ————
@ = s (@]

; (27)

In an effort to find the renormalization group (RG) f-
function that corresponds to Eq., we can first write

Q2

=, (28)

1
Z —In(1 oy =
5 n(1+mn);n=(



and then write its derivative w.r.t. n to read

da da 9 M
_— _— = — _— 2
dinn ndn “ 1+n (29)
1
21 2 1/«
a’[l 1+77] a’[l —e 9 (30)

having put ay = «, for simplicity. Let us define inn =
bot. Then, with the standard definition of the RG beta
function,

da
= Bla), (31)

corresponding to Eq. reads
Bla) = —b,a?[1 — e~ /. (32)

We note the following pleasing features of this beta func-
tion:

(i) : Ble) <0

(33)

(ii) : B — —b,a? for o << 1; UV region (34)
(iii) B — —boa for o >> 1; IR region (35)
(36)

It may be of further interest to note that the dielectric
function € = n?, where n is the refractive index, defined
as usual

a=-=— (37)

the “beta-function” corresponding to n, the refractive
index in this model, has a scaling property.

o R (39)
Bln) = o= (39)
Thus
B(n) — (%)n — 0 for n — 0 IR region; (40)
B(n) — (%)% — 0 for n — oo UV region. (41)

Hence, in this model, 3(n) tends to zero both in the IR
& the UV regions, always remaining positive within the
finite domain. Morover, it has an asymptotic n <> 1/n
symmetry as one goes from the IR to the UV region.

B(n) < B(1/n) as n — 0. (42)

This interesting symmetry appears to be a duality be-
tween strong and weak coupling similar to that conjec-
tured from ADS/CFT33:34,

It should also be noted that as 3(n) goes to zero both
for n — 0 as well as n — oo, it has a maximum. Setting

the derivative with respect to n equal zero at n = n in
Eq.7 we find the transcendental equation for n:

w1 (43)
© Ty

whose numerical solution is
[B(n)]? ~ 1.275 that corresponds to & ~ 0.784, (44)

remarkably similar to Gribov’s critical coupling for
SU(3)., (see, Eq.(3) on page 344 of*):

2 3
“=3-(13) 1 )

According to Gribov, the critical coupling above (as =
3/4 for SU(3).) makes the color Coulomb potential be-
tween two colored quarks U(r) = (4/3)(hc)(as/r) to take
on the magic value (he) /r, exactly the value in QED when
the nuclear charge Z = 137 so that Zaggp = 1 renders a
nucleus unstable to decay into an ‘on with nuclear charge
Z = 136 and a positron. In QCD, according to Gribov,
when o becomes 3/4 (or, higher) the (¢q) state manifests
itself as a colorless meson.

V. GRIBOV DYNAMICS WITH SINGULAR
QS(QQ)

In the collection of papers [Seé®®: Collected Works,

specially Chapter IV in the book, “Gauge Theories &
Quark Confinement”], Gribov writes down a set of equa-
tions for the quark Green’s function. He assumes that
there exists an IR region where as > Qeritical- Essen-
tially, his work is focussed on an IR “frozen” ay above
the critical value. [See, his Eq.(92) in Chapter IV]. This
is sufficient for him to obtain a phase transition, sponta-
neous breakdown of the chiral limit, the pion Goldstone
modes etc. A tour de force indeed.
What we would like to do is to go beyond and ask the
question: what happens for a non-frozen, IR singular but
integrable « of the type discussed in the Introduction?
This interesting region is not covered by Gribov. Let
us condense the argument. Gribov defines the couplings
(Warning: the 8 below is not the usual 8 such as in the
previous section)

dog
3’

B=1-g; g= (46)
with g > g.. Since his g never gets close to 1, 3 never hits
zero. But look at his dynamical equations for the quark
Green’s function [below A, is not the vector potential
but is dynamically generated]:

[ai ARG (q) = 0; A*(g) = |

0

afun’l(Q)]G(tJ)



and [with derivatives understood to be with respect to
qp

0" Au(q) = —B(q) Au(g) A" (q)- (48)
For an IR singular g, § can become zero (or even
negative), cases not considered by Gribov. But when
B(q = q,) = 0, the rhs of Eq. is zero, it appears that
one has an interesting chiral invariant phase with m(g,)
driven to zero. However, this value is unstable. All we
can say for the moment is that it looks very attractive,
exciting and needs further investigation. For example,
the quark mass in the IR region seems to inherit power
law growth -an anomalous dimension- given by b,.

VI. DISPERSION RELATION & A SUM RULE
FOR THE COLOR REFRACTIVE INDEX

To go beyond a specific model and discuss the general
case, the time honored approach is to employ analyt-
icity and write a dispersion relation for ag(s) with a
right-hand branch cut for s > 0; see9%l  In these
previous works, dispersion relations for ay or for € were
employed, both requiring one subtraction. Here we em-
ploy a dispersion relation for the color refractive index
n(s) = v/e(s) = 1/y/as(s), that should have the same
domain of analyticity as a provided in the space-like re-
gion (s = —Q? < 0), as(Q?) does not vanish -a natural
requirement for a coupling constant. Also, such a dis-
persion relation should require no subtraction under the
hypothesis that (i) as(0) is either frozen (that is, it is
a finite constant) or it diverges so that, n(0) is finite or
zero and (ii) for large s, asymptotic freedom prevails and
thus Sm n(s) - 0~ as s — oo.

Let us consider the refractive index n(Q?) in the space-
like region s = —Q? < 0. Normalizing it at the QCD
scale Q% = A2, we have

A% —Q?) /°° ds Sm n(s)
G o (5+Q%)(s+A%)
(Sm n(s) < 0;s > 0);
Thus : n(Q? > A?) > n(A?)
& as(Q* > A?) < a,(A?); (asymptotic freedom);
In the TR region : n(Q? < A?) < n(A?)

& as(Q* < A%) > as(A?).(49)

n(Q?) = n(A?) +

Eq. is satisfactory in that the fall-off of a,(Q?) for
large Q? makes asymptotic freedom evident and its rise
in the IR region (Q? << A2) bodes well for reaching
or, even overreaching, the Gribov critical value as(Q? <
A?) = 3/4, as discussed in the last section.

If indeed n(0) = 0 (that is as(0) — o), then we have

the sum rule

7 Jo s(s+ A?)
To delineate further between a finite versus a divergent
a5(0), we show that only a divergent a,(0) is consistent
with the asymptotic duality for 3(Q?), that was discussed
earlier through a specific model - see Sec.(??). The essen-
tial ingredient in obtaining the sought after asymptotic
duality Brr(Q?) <> Buv asn « 1/n is that n;r(Q?) van-
ish as a power-law (Q?/A%)? as Q? — 0; only then, it can
be matched with its AF logarithmic behavior. While the
argument is more general, for simplicity we shall show it
here only for the lowest perturbative order:
2
nra(@) = no(G):

Brr = q n; (i);

2 n 2 n
bo
Thus, equality between (i) and (ii) implies : ¢ = 5(51)

exactly as we found in Eqs. & for the specific
model considered therein.

VII. CONCLUSIONS

We have approached the infrared region in QCD, both
in the continuum and the zero momentum point. Af-
ter recapitulating previous work in QED in a formalism
developed by Bruno Touschek which had been applied
to investigate a zero momentum mode in Abelian gauge
theories, we have extended Touschek’s approach to make
the ansatz that could lead to a cut-off in impact param-
eter space in parton-parton collisions and shed light on
the origin of the forward peak in hadronic collisions.

Breaking with tradition, we have considered dispersion
relations for the color refractive index n(s) = /€(s) =
1/\/as(s) -for which no subtractions are needed- and
a sum rule was derived for a divergent (but integrable
a3, Tt was also deduced that under the same hypoth-
esis, an asymptotic duality (n < 1/n) exists that in ad-
dition guarantees the integrability condition previously
assumed in referenceé*?. While our explicit expressions
have been written down for 1-loop, the reader is encour-
aged to extend the formalism to higher loops.

We thank Fabrizio Palumbo, Simone Pacetti, L. Pierini
and A. Grau for their contribution to discussions and
interest in this problem.
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