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Crystalline Undulator
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Particles in an Undulator
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Undulator vs Laser
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Particles in a Laser
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Expected Brilliance
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The question to be answered

Will the beam preserve its
modulation in a crystalline
channel at sufficiently large

penetration depth?
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Channeling Oscillations
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Beam Demodulation
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Demodulation within one Undulator Period
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Demodulation within Dozens of Undulator Periods
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Demodulation within Dozens of Undulator Periods
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Quantitative Analysis is Necessary

What is the characteristic
length at which the beam

gets demodulated?

Is it possible to build a
crystalline undulator with

Ldm/λu " 1 ?
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Particle Distribution

f (t, z ; ξ,Ey ) is the distribution function of channeling particles with
respect to the angle
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The distribution depends on the penetration depth z and time t.
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Kinetic Equation of Fokker-Planck Type

1

c

∂f

∂t
+

〈vz〉
c

∂f

∂z
= D0

[
∂

∂Ey

(
Ey

∂f

∂Ey

)
+

1

E

∂2f

∂ξ2

]

D0 =
mc2

8
〈ne〉

∫
dΘ

dσ

dΘ
Θ2

Longitudinal Velocity:

〈vz〉 = c

√

1 − 1

γ2

(
1 − ξ2

2

)(
1 − Ey

2E

)

≈ c

(
1 − 1

2γ2
− ξ2

2
− Ey

2E

)

October 31, 2008 Meso Bio Nano- Science Group @ FIAS (www.fias.uni-frankfurt.de/mbn)



Kinetic Equation of Fokker-Planck Type

1

c

∂f

∂t
+

〈vz〉
c

∂f

∂z
= D0

[
∂

∂Ey

(
Ey

∂f

∂Ey

)
+

1

E

∂2f

∂ξ2

]

D0 =
mc2

8
〈ne〉

∫
dΘ

dσ

dΘ
Θ2

Longitudinal Velocity:

〈vz〉 = c

√

1 − 1

γ2

(
1 − ξ2

2

)(
1 − Ey

2E

)

≈ c

(
1 − 1

2γ2
− ξ2

2
− Ey

2E

)

October 31, 2008 Meso Bio Nano- Science Group @ FIAS (www.fias.uni-frankfurt.de/mbn)



Kinetic Equation of Fokker-Planck Type

1

c

∂f

∂t
+

〈vz〉
c

∂f

∂z
= D0

[
∂

∂Ey

(
Ey

∂f

∂Ey

)
+

1

E

∂2f

∂ξ2

]

D0 =
mc2

8
〈ne〉

∫
dΘ

dσ

dΘ
Θ2

Longitudinal Velocity:

〈vz〉 = c

√

1 − 1

γ2

(
1 − ξ2

2

)(
1 − Ey

2E

)

≈ c

(
1 − 1

2γ2
− ξ2

2
− Ey

2E

)

October 31, 2008 Meso Bio Nano- Science Group @ FIAS (www.fias.uni-frankfurt.de/mbn)



Excluding the Time Variable

If the initial beam is periodically modulated it can be represented as a
Fourier series with respect to the time:

f (t, z ; ξ,Ey ) =
∞∑

j=−∞
gj (z; ξ,Ey ) exp(ijωt).

where g∗
j (z ; ξ,Ey ) = g−j (z ; ξ,Ey )

It is sufficient to consider only one harmonic. We substitute

f (t, z; ξ,Ey ) = g(z ; ξ,Ey ) exp(iωt)
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Separation of variables
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The Solution
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Hn(. . . ) are Hermite’s polynomials.
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Lνk (. . . ) is Laguerre’s function.
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The Transcendental Equation for αk(κ) and βk(κ)
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Asymptotic Behaviour
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Asymptotic Particle Distribution vs. ξ and z
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Asymptotic Particle Distribution vs. Ey and z for κ = 10
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Asymptotic Behaviour

g(z ; ξ,Ey ) ∝ exp (−z/Ldm − iω/uz z)

Demodulation Length:
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Demodulation Length
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Parameter κ
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Summary

Beam demodulation is an important factor determining the physical
limits on the applicability domain of the crystalline undulator based
hard X ray and gamma ray laser.

The beam evolution can be described by a partial differential equation
of Fokker-Planck type which can be solved analytically for a parabolic
interplanar potential.

A channeling beam can preserve its modulation at sufficiently
large penetration depths so that coherent radiation in the
crystalline undulator is feasible.

The bent crystal laser is most suitable for the application in the
photon energy range of hundreds keV where the demodulation length
not much smaller than the dechanneling length.
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Gamma Klystron
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